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ABSTRACT
The Guruswami-Sudan (GS) algorithm is a standard algorithm that decodes beyond the classical
decoding bound for Reed-Solomon codes. An analysis of some complexity improvement techniques
namely polynomial reconstruction and basis transformation has been done to enhance the decoding
capabilities of the algorithm and comparison of the techniques.
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are distinct field elements), the number of
INTRODUCTION
Reed-Solomon codes were invented in
agreements
and the dimension
of the
and within a decade an efficient algorithm was Reed-Solomon code. The algorithm constructs a
discovered to decode them. They are efficiently bivariate polynomial which is then factored with
encoded and decoded. Moreover, they are widely some conditions. These factors, when they satisfy
used because of their favourable properties (as equations) at least of the
points, are
including high error correction capability, listed. The main idea behind the GS algorithm,
burst-error (the type of error in which two or reason why it works, is the introduction of more
more symbols in a string of
change from
constraints on
. Fundamentally, in Sudan
to or vise-versa and the length of the burst (Sudan, 1997), the
-weighted degree
error is the number of string symbols from the of
being below a fixed upper bound is a
first corrupted to the last corrupted symbol) very useful constraint. If the
correction capability, and erasure-recovery
weighted degree of
is
then
capability. For Reed-Solomon codes with block
, where deg
, has total
length and dimension , the Johnson Theorem degree at most . It is easy to see that if
is
a desired codeword, then
has more
states that for a Hamming ball of radius
√
zeros which implies
.
there can be at most
codewords. The first than
efficient polynomial time algorithm that agrees The factorization step easily follows since
with the theorem was discovered by Sudan
(
)
. This idea
(Sudan, 1997), which was improved by GS was adopted in the GS algorithm with some
(Guruswami and Sudan, 1999). The GS paper improvement on the choice of the multiplicity,
(Guruswami and Sudan, 1999) considered the as compared to the case in Sudan (Sudan, 1997).
following problem:
The introduction of
tightens the decoding
Theorem 1: Given distinct elements
radius.
in
and another elements
This paper presents some preliminaries, discusses
some complexity reduction techniques and
in
, find polynomials
of
compares two of these techniques.
degree at most
that agree at at least
The GS Algorithm
points.
The algorithm basically takes as inputs a received The main idea behind the GS algorithm, as
explained, works partly as a result of the
word
(this is basically some
following result.
points
where
Theorem 2 If a polynomial of degree at most polynomial is the zero polynomial.
has at least roots, then this
Proof. Take
with
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and assume that
has at least
roots. Suppose there exists an ̃ such that
̃
. Then
̃
. If
has
distinct roots ̃ ̃
̃ ,
then
̃
̃
̃
. This
results in a degree polynomial that forms a
factor of a degree at most
polynomial.
Therefore,
must be a zero polynomial.
Q.E.D.
Theorem 2 implies that
is a
lower bound for the minimum distance of a
Reed-Solomon code.
i. Univariate Polynomial Representation:
The GS algorithm executes the decoding
process of Reed-Solomon codes in two steps interpolation
and
factorization.
The
interpolation step constructs a bivariate
polynomial. It is easier to work with a
univariate polynomial, instead, so a description
of a general way to put down a univariate
representation for any bivariate polynomial is
given. Consider a bivariate polynomial,
, and define the set of all its monomials
as
{
}. Denote
as the set of nonnegative integers and construct
the map

which is a bijection of sets. Definitions,
recorded as Outcomes 1, 2, 3 and 4, are
concepts defined in the work of McEliece
(McEliece, 2003).
Outcome 1 (Monomial ordering) A
monomial order is a total order ’ ’ on the set
of monomials
such that
 if
,
, then
;
 if
and
, then
.
Outcome 2 (Weighted degree) For
nonnegative integers, the
-weighted
degree of a monomial
is
.
Outcome 3 ((u,v)-lexicographic order) For
two monomials
, implies that
, or
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and
.
Outcome 4 ((u,v)-reverse lexicographic
order) For two monomials
,
implies that
, or
and
.
Then for the set
in a lexicographic or
reverse lexicographic order, there is essentially
a univariate representation
for some
finite number of
in the variable
. That is to say, the bivariate polynomial can
be written as
∑
∑
(1)
where
is an element of the field. This is
important because it reduces the problem at the
factorisation step to a root finding problem.
Given an interpolation polynomial (any
polynomial) , a well-known technique of
finding its singularities is studying its partial
derivatives. Hasse derivatives shall be used to
study the singularities of
(points where
intersects itself) simply because partial
derivatives of polynomials over fields of small
characteristic are not well behaved.
Outcome 5 ((r,s)-Hasse derivative (Cassuto,
Bruck and McEliece, 2013)) The
Hasse derivative of a polynomial
,
denoted
, for any integer pair
,
is
∑
where

( )( )

is the coefficient of

in

.
In the GS algorithm, studying singularities by
exploring partial derivatives was avoided for a
more suitable technique. The technique was to
shift a coordinate system to a chosen point
as a new origin, and then insist that the
non-zero coefficients be of high degree. The
shifting for
, where
is
.
This technique is essentially applying Hasse
derivatives to the polynomial
since
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The following Theorem and Outcome were
given in the work of McEliece (McEliece,
2003), where an elegant prove using binomial
expansion was given for the theorem.
Theorem 3: Let
∑
.
For any
, the shift
∑
.
Outcome 6: Then
∑
.
A second look at the factorization step of the
GS algorithm suggests that using Outcome 6,
the anticipated list of polynomials is just
.
Complexity reduction
Outcome 7: (Hamming distance) Let
and
be two strings in
. The number of inequal
symbols
is the
Hamming (minimum) distance between strings
and .
Outcome 8: (Reed-Solomon code) Let
be distinct elements in
. The
map
with
,
where
is a -dimensional
vector such that
is some encoding process. The image space of
this linear map forms a Reed-Solomon code.
i. Error-rate as a function of Message rate:
Let
be an
error-correcting code
(i.e.
has codeword length , dimension
and minimum distance
over a
-ary
alphabet
). This means the map
such that if
then
and
differ in at least coordinates. For a
Reed-Solomon code,
with
. This construction is used to study
the error-rate dependence on the message rate
in decoding the Reed-Solomon code . Let
be the number of distinct coordinates between
some two vectors in
where one is
transmitted (a codeword) and another, a
message is received. The number of alterations
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that can be corrected - the error in the
transmission - is well-known to be
.
The error-rate is defined as
, while the
message rate is
. The error-rate
dependence on the message rate is studied in
two cases. These are:
when both the
error-rate and the message rate are fixed, and
when the error-rate is not fixed. Basically,
both rates are fixed when the number of errors
is within the unique-decoding bound. A unique
decoding bound
is a bound for an error
correcting code such that for a ball of radius
centered at a received message, there can be
only one codeword within the ball. A powerful
algorithm by Peterson (Peterson, 1960)
constructed that for a decoding radius
,
decoding can be done without any
complications. Thus the error-rate is
.
It might happen that a list of codewords are
found within a certain ball of radius
.
Hence, unique-decodability might not be
achieved here. A polynomial-time algorithm
with the capability of decoding up to
radius is acquired, thus
√
√
√
ii. Polynomial Reconstruction: For , an
Reed-Solomon code, Theorem is
just
{
}
Finding all polynomials that agree at points
is equivalent to listing all codewords within a
Hamming ball of radius
. Let
for
. Considering the GS problem,
define a polynomial
(2)
Denote
an
Reed-Solomon code
having codewords agreeing at at least points
as an
instance of the GS problem. Let
in Equation (2), then
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with

points (

)

If

and
, then
since the -distinct input
points
is reduced to an
-distinct input points
. At
Theorem 4: There exists a polynomial
such that
and
for at least points and
iff there
is a polynomial
of degree at most
such that
for at least
points.
Proof. By Euclidean algorithm, let

This implies that
.
It is straight forward to see that indeed
.
Conversely,
is a polynomial so
define
. Observe
that
and
.
Q.E.D.
Define
{

}

such that
{
}.
This is because for all
,
for at
least points and can be recovered from
by
the reduction process explained above.
Theorem 5: Let
,
and
for
. Let
√
√
{
}.
Then the
1. number of polynomials,
(
2. polynomials in

√
√
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this stage, it has reduced to an
instance of the problem. Theorems 4
and 5 were results from (Muralidhara and Sen,
2009).
√
√

(

) time.

The
above
result
guarantees
that
Reed-Solomon codes can be successfully
decoded even beyond the GS radius provided
polynomial reconstruction is introduced. After
a certain number of reductions, the GS
algorithm is applied on the reduced points and a
simple combinatorics to acquire the desired
complexities, which are polynomial.
iii. Alternative Basis Transformation
(a) Syndrome-Based Decoding: The basic
idea of error correction is to see to it that when a
codeword is transmitted through a channel,
which could influence limited alterations on the
transmitted symbols, the receiver should
successfully decode the transmitted message.
The idea of encoding messages to be
transmitted over a channel is basically to
improve the decoding capabilities since
alterations might occur during transmission.
Outcome 9: (Parity-Check Matrix) This is a
matrix whose rows form a basis for the dual
space
. It is a
matrix.
Outcome 10: (Syndrome (Berlekamp, 2015))
The syndrome s of any received vector is
defined by the equation
, where
is
the parity-check matrix.
Let be the number of errors that occur on a
transmitted codeword
such that
is received. Denote vector as the error vector
where the coordinates of
hold information
about the locations of alterations. Thus,
with
and
,
Let be the set of error locations in a received
vector (i.e. all
). In the book by Ron
Roth (Roth, 2006), for syndrome coefficients
and
the error vector, the
syndrome polynomial
is defined as

);
can be listed in
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∑

where
are some multipliers.
In syndrome decoding, the error-locator
polynomial is defined as
∏
and the error-evaluator polynomial is defined
as
∑
∏
.
Observe that
so the (well-defined)
fraction.
The basic idea of syndrome-based decoding of
Reed-Solomon codes to reformulate Theorem
in terms of modules over a univariate
polynomial ring (in other words, Key
Equations) will be used.
(b)
Modules
over
:
Let
be
some
transmitted
codeword and
be the
received word. The GS algorithm has order of
multiplicity parameter
(which is
in
Sudan (Sudan, 1997)) for the
points
. Let
be the
length of the list
and be the maximum
decoding radius. The bivariate polynomial
∑
is the desired polynomial for the interpolation
step which satisfies some conditions including
the
-weighted degree must be as
small as possible. This means, for any
monomial
in
,
. By our construction of
,
this weighted degree condition has that
. Hence, define
.
All one needs to know about the multiplicity
parameter is that for any monomial
in
, the coefficient
of
is zero
whenever
.
Let
be the Lagrange interpolation
polynomial such that
and define
∏
some polynomial
.
From Outcome 6,
∑

∑

∑
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∑

∑

suggests a Key Equation that relates the
error-locator
and
the
error-evaluator
polynomials as
(3)
Here, the decoder basically computes
from the received word , solves the Key
Equation (i.e. Equation (3)) for the
error-locator polynomial
to determine its
roots, and finally compute the error-evaluator
to determine the error values.
∑

Therefore, having
,
, and
gives that
∑
where
has a multiplicity at least
at
if and only if
divides
for all
with
and
. Below, a result which is
fundamental in the reformulation process is
proved.
Theorem 6: A bivariate polynomial
has multiplicity at least
at every
if and only if
(
)
.
It shall be proved that the multiplicity condition
implies each factor
divides
and by the uniqueness in the
factors for all , the product
divides
it. For the converse, remainder theorem and
Hasse derivatives will be helpful.
Proof. Let
,
such
that
. Suppose
has
multiplicity at least
at
. Equation (1)
gives a univariate representation such that
∑
Shift to the origin - assume
.
This means
, so
. Consider
with each polynomial
with no terms of degree less than
.
Since each
(

)

have only terms with degrees greater than or
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equal to
, and
back, it follows that

∑

, then shifting
(
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where polynomials
as variables are
considered to be variables.
Conversely, suppose
∑
and that
deg
for all
with
. The parametrization becomes
a valid interpolation polynomial. Q.E.D.
Block-Hankel Matrix: Equation (4), with the
definition of Hasse derivatives, can be recorded
as

)

Since
are distinct for all , then the
product
divides
too.
Conversely, suppose
(
)
. Then each factor (shifted to the origin, i.e.
)
. This means
that for some polynomial
,
(
)

∑

( )

Let the reciprocal polynomials be the following
̅
̅
∏
̅

By Outcome 6, it follows that
∑
∑
∑
∑
∑

which, when inserted in Equation (5) yield
̅
∑
( )

Observe that a common factor
has only terms of degree at least
since
. Therefore, every term in
has
degree greater than . Q.E.D.
This proves that the multiplicity and weighted
degree conditions of the GS interpolation step
are satisfied by
if and only if there
exists a polynomial
such that

̅
̅
Since
well-defined
̅

,

the

following

is

̅
̅

(4)

Thus, considering the (

and

)

system of

homogeneous linear equations, it follows that
∑

̅
Outcome
12:
(Guruswami-Sudan
Syndrome (Zeh, Gentner, & Augot, 2011))
The syndrome polynomials

In the following, a reformulation of the GS
interpolation conditions in terms of modules
over a univariate polynomial ring,
, is
given.
Outcome 11: A bivariate
is an interpolation polynomial if and only if it is
parametrizable as ∑
.
Proof. Let
be an
interpolation polynomial. It follows from the
proof of Theorem 6 that
∑
∑

*∑

( )

with
∑
are given by
By Outcome 12, the homogeneous system can
be modified, considering weighted degree
conditions, as

( )
( )+
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∑
̅
(6)
where deg ̅
, for all
with
. With the high degree terms
in Equation (6) considered, there are
∑

(

)

homogeneous equations and they can be
parametrized as
∑
∑
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where
is a univariate polynomial (a
coefficient).
Outcome 13: (Hankel matrix (Zeh et al.,
2011)) An
matrix is a Hankel matrix
if
with
,
.
The linear system in Equation (7) gives a
Block-Hankel matrix (each sub-matrix
is
a Hankel matrix).
(7)

(d) Basis Transformation: There is an
efficient algorithm by (Beelen and Brander,
2010) that solves the Key Equations for
Theorem . A highlight of how their technique
guarantees improved complexity is given. To
see how they solved the Key Equations, one
should read Section in (Beelen and Brander,
2010). From the parametrization in Outcome
11, let
(

)

where

(

)

(8)

such that
( )
( )

By the weighted degree condition of
the system Equation (8) is equivalent to

in the
-span of the columns of
and
have maximum degree less than
.
Using the concept of degree of a vector as
defined in (Beelen and Brander, 2010) - the
maximum degree of a vector is the degree of its
entry with the highest power, and the maximum
degree of a collection of vectors is the sum of
the maximum degrees of each vector - the
following analysis is made.
For
,
, let
be the
syndrome polynomial given by Outcome 12. In
other words, there is some polynomial
with
such that deg
deg
. Also, define a matrix
such that for

,

()
{( )
(10)

(

)

(

)

(

)

Define

(

)

Basically, a solution to the system Equation (8)
is any vector
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The matrix
is a good matrix for change of
basis since it is upper triangular with
determinant . Thus, the module spanned by
the columns of
and
are the same.
Therefore, if a vector spans the columns of
also spans the columns of
but with a lower
maximum degree, a reduced complexity is
acheived. Below a result from (Beelen and
Brander, 2010) that proves that a basis

(9)
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transformation resulting in an improved
complexity is attained by their method of
solving the GS interpolation step is given.
Theorem 7: Let
be as in Equation (9),
be as in Equation (10). Then for
and
,

to the fact that a large decoding radius is
preferred for better decoding. The gain in
radius is at the expense of other complexities
like the decoding time and the number of
polynomials listed by the interpolation step. It
is shown in Theorem 5 that the list size and the
time taken to enumerate the polynomials make
no improvement to their counterparts in the GS
algorithm. In the case of basis transformation,
the GS problem is reformulated in terms of
modules over a univariate polynomial ring and
the basis of the modules are replaced
accordingly
for
improved
complexity
(decoding time) in the interpolation step. This
is a nice technique in the sense that its gain is
not at the expense of other complexities like the
decoding radius and list size. For the
polynomial reconstruction and the basis
transformation
coupled
to
decode
Reed-Solomon codes using the GS algorithm,
no newer improvement in the complexities is
ensured. In fact, attaining a good reduction, the
coupled system will complete the interpolation
step in
time
(greater than
time, the complexity
for the interpolation step of the GS algorithm),
where
is the number of reductions as in
Theorem 5.

( )
∑
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( )( )

{

Moreover, the maximum degree of
is less
than
.
Proof. See the proof on the the original paper
(Beelen and Brander, 2010). Q.E.D.
The method of writing the GS interpolation
problem in terms of modules over a univariate
polynomial ring resulted in a complexity gain.
(Beelen and Brander, 2010) reformulated and
showed how to solve the problem, and
presented an algorithm for improved
complexity. Their algorithm can complete the
interpolation step of the GS problem in
time. Note that the
basis transformation results in a gain only if
(it could be assumed that
).
Theorem 8: Applying both polynomial
reconstruction and basis transformation to
solve Theorem 1 using the GS algorithm attains
no significant complexity gain. Moreover, the
process completes the interpolation step of the
GS algorithm in
time.
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Proof. There are
choices, where is the
number of reductions, for a sufficient reduction
and the transformation completes the
interpolation step in
time. It follows that a coupled decoding process
will complete the interpolation step of the GS
algorithm in
time .
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